Precise Orbit Determination
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Wilhelm und Else Heraeu:

Introduction

Low Earth Orbiters (LEOS)

CHAMP GRACE

CHAllenging Gravity Recovery And Gravity and
Minisatellite Payload Climate Experiment steady-state Ocean
Circulation Explorer

Of course, there are many more missions equipped with GPS receivers

Jason Jason-2 MetOp-A Icesat COSMIC
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Introduction

LEO Constellations

Swarm Sentinel

LISA Technology
Sheds Light on Climate Change
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Etalon
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Wilhelm und Else

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Satellite Laser Ranging
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Satellite Laser Ranging

Introduction to SLR

SLR: Satellite Laser Ranging

Characteristics:

- Satellites equipped with retro-reflectors

- Global whenever satellites are visible

- Small number of scientific users

- Weather-dependent (optical signals are passing through the atmosphere)

- 1-dimensional distance information
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Satellite Laser Ranging

SLR Space Segment

LAGEOS-1

Westpac _ Stella
S BLITS
Larets o

- The space segment is rather small, but long lasting (passive satellites)

- Apart from GFZ-1, Westpac and BLITS, all satellites are still actively used
for SLR activities
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Satellite Laser Ranging

from Satellite
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Satellite Laser Ranging

SLR Ground Segment

Each SLR station consists of:

- Laser Oscillator: Neodym-YAG (532 nm) or Titanium-Saphir (423 nm)
lasers to generate ultra-short, high-energetic laser pulses

- Optical Telescope: targeted emission of the laser pulses

- Reception System: Optical telescope and detectors to register the
incoming photons

- Timing Facility: Epoch registration and time of flight measurement

Most of the SLR stations within the ILRS are unique prototypes
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Satellite Laser Ranging
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Satellite Laser Ranging

The Zimmerwald SLR Station

u
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Satellite Laser Ranging

ILRS Station Performance (1)

ILRS July 1, 2013 through June 30, 2014: Observed Normal Points
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Satellite Laser Ranging

Bra Maodeling

from Satellite

ILRS Station Performance (2)

ILRS Observed passes per week
500 4 —— 2012-08-04 - 2012-08-10

O High Satellites
O Lageos 1+2
O Low Satellites

300 4 - feed e e

Passes

200 o ERRRERERY CERTRRY N STRERN S FRPRTPS B RS B s T

100 b Sdo | PR B s N AN B P

|
\_
Ir]

o
[

Zimmerwald
Mount Stromlo
Wettzell
Changchun
Arequipa
San Juan
Katzively |:
Herstmonceux
Concepcion
Haleakala
Grasse
Simeiz
Baikonur
Potsdam
San Fernando
MecDonald
Simosato
Altay
Greenbelt
Shangha
Kiev
Hartebeesthoek

2
©
i)

o

pt
c
@
E
=]
c
=]

=

u
AIUB bueeson Bad Honnef, 04.10. - 09.10. 2015




Wilhelm und Else Heracus Autumn School

Satellite Laser Ranging
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Wilhelm und Else Hers

Satellite Laser Ranging

Glob: odeling

eling
from Satellite-to-Satellite Tracking Data

SLR Measurements

SLR Observations Atf are defined as:

kE_ _k k
Ati = Tiup + 7

1, down

AtF  Round-trip time of flight

1

k

Ti up Time of flight from the laser station to the satellite

deown Time of flight from the satellite back to the laser station

- SLR observations are unbiased ,range” (distance) measurements

- Measurement noise: mm to cm for single-shot measurements

u
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Satellite Laser Ranging

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Relation to Position Vectors

Neglecting atmospheric delays, Atf may be expressed by:

1
At = = (Iriltsar = Thup) = 7 (toat)| + 17 (Foat + TEdon) = 7 (b))

C
T, Inertial position of the SLR station at pulse emission and reception time
r Inertial position of the satellite at pulse reflection time

For terrestrial SLR, Atf may be approximated by:

2
Ati‘c — E ‘Ti(tsazt) — rk(tsat)‘

u
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Wilhelm und Else

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Global Positioning System
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Global Positioning System

Introduction to GPS

Galileo

*

_':: +

. - e

EPRRTTEN :@*"
2

- *

Empfangens Satelliten 10 GALILEO

Other GNSS are already existing (GLONASS) or being built up (Galileo), but
so far there are no multi-GNSS spaceborne receivers in orbit.

u
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Global Positioning System

Introduction to GPS

GPS: Global Positioning System

Characteristics:

- Satellite system for (real-time) Positioning and Navigation

- Global (everywhere on Earth, up to altitudes of 5000km) and at any time
- Unlimited number of users

-  Weather-independent (radio signals are passing through the atmosphere)

- 3-dimensional position, velocity and time information

u
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Global Positioning System

GPS Segments

The GPS consists of 3 main segments:
- Space Segment: the satellites and the constellation of satellites

- Control Segment: the ground stations, infrastructure and software for
operation and monitoring of the GPS

- User Segment: all GPS receivers worldwide and the corresponding
processing software

We should add an important 4th segment:

- Ground Segment: all civilian permanent networks of reference sites and
the international/regional/local services delivering products for the users

u
AIUB —— Bad Honnef, 04.10. - 09.10. 2015




Wilhelm und Else Heraeu:

umn School

Global Positioning System

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Space Segment

- The space segment nominally consists of 24 satellites, presently: 32 active
GPS satellites

- Constellation design: at least 4 satellites in view from any location on the
Earth at any time

. » | RIM e + -
2_ 12 7 10 In production
operational operational operational operational
b
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Global Positioning System

* GNSS ~ ' ' |
® GPS only

IGS stations used for computation of
final orbits at CODE (Dach et al., 2009)
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Wilhelm und Else

Global Positioning System

Parameters of a Global IGS Solution

B Station coordinates
Parameters types

m Site-specific troposphere
parameters

B Scaling factor for APL model

E Orbital elements

m Stochastic orbit parameters

® Earth rotation parameters
Geocenter coordinates
Satellite antenna offset

parameters
Satellite antenna pattern

Scaling factor for higher-order
0% ionosphere
Ambiguity parameters

- Large number of measurement type specific parameters

- Rather small number of orbital parameters

u
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from Satellite-to-Satellite Tra |(L|nr Oun

Global Positioning System

Performance of IGS Final Orbits
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Global Positioning System

Computation of Final Clocks at CODE

Pre-processing

Screening of
post-fit residuals

Low-rate

Clean code + phase
Smooth code

o

Screening
station-by-station
Delete bad stations
1. Phase only
2. code only
3. phase + code

=

3 global clusters
40 stations/cluster

RINEX
30sand5s

CODE Rapid solution

<] CRD TRP
PRE ERP

CLK

CODE Final solution

CRD TRP
clock
solution @ PRE ERP

Combination + merging
=> 5-min clocks
—1 FAN

High-rate EHRI from 5 min to 30 s
clock
solutions @

|‘ EHRIfrom 30 sto 5 s

.

CRD and TRP for

remaining 5-s stations

A

(Bock et al., 2009)

Bad Honnef, 04.10. - 09.10. 2015 ~

The final clock product
with 5 min sampling is
based on undifferenced
GPS data of typically
120 stations of the IGS
network

The IGS 1 Hz network
is finally used for clock
densification to 5 sec

The 5 sec clocks are interpolated to 1 sec
as needed for 1 Hz LEO GPS data
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Glob: odeling

eling
from Satellite-to-Satellite Tracking Data

GPS Signals

cycle

FUNDA-
MENTAL
FREQUENCY

Global Positioning System

10.23 MHz

=— |

L1 C/A CODE P-CODE
1575.42 1.023 MHz | 10.23 MHz
MHz

L2 P-CODE

1227.60 10.23 MHz
MHz

x120

[\

| 50 BPS SATELLITE MESSAGE I

Signals driven by an atomic clock

Bits encoded on carrier by phase
modulation:

Two carrier signals (sine waves): -

- L1:f=1575.43 MHz, A =19 cm
- L2:f=1227.60 MHz, A =24 cm

\VARV/

AN

carrier

code

modulated
carrier

C/A-code (Clear Access / Coarse
Acquisition)

- P-code (Protected / Precise)

- Broadcast/Navigation Message
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Wilhelm und Else Heraeu:

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Pseudorange / Code Measurements

Code Observations Rf are defined as:

C
1;
Tk
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PF = (T; - TF)

7

Spee: Satellite
clock, T¢

Rece]

Transmitted signal

GPS

 Replica signal, driven by receiver clock T

Receiver
Measurememcmﬁlse ~ 0. i:) code (Blewitt, 1997)

Global Positioning System

ne)




Global Positioning System

Code Observation Equation

Pk:;)ifc—c-Atkqtc-Ati

2

t; tk GPS time of reception and emission
Atk Satellite clock offset T% — ¥

At;  Receiver clock offset T; — ¢,

]

pf Distance between receiver and satellite ¢ (Z; — t’“)
Known from ACs or IGS: 4 unknown parameters:

. .-y ,A:J ’fJ Axk:j N 141 Y. Q. .
- satellite positions ("7, y"7, 2"7) - receiver position (2, Y;, Z;)
- satellite clock offsets At~ - receiver clock offset At

u
AIUB —— Bad Honnef, 04.10. - 09.10. 2015




Global Positioning System

Carrier Phase Measurements (1)

Signal
A Phase ¢ (in cycles) increases

il\ L /\ linearly with time ¢ :
[f: Ovo Ph:se (f) — f -1
(cycles)
b where f is the frequency

The satellite generates with its clock the phase signal (/)k. At emission time T*
(in satellite clock time) we have

Rotates with
frequency, f

k k
o =f-T
The same phase signal, e.g., a wave crest, propagates from the satellite to the

receiver, but the receiver measures only the fractional part of the phase and
does not know the integer number of cycles N?:"“ (phase ambiguity):

k: k: k k: k
¢ =¢" =N =f-T"—=Nj
u
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Global Positioning System

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Carrier Phase Measurements (2)

The receiver generates with its clock a reference phase. At time of reception I}
of the satellite phase gbf (in receiver clock time) we have:

¢i = [T

The actual phase measurement is the difference between receiver reference
phase ¢; and satellite phase gbf:

Of =i —df = f-T; = (f - T" = N}) = f-(T; = T%) + N}

Multiplication with the wavelength \ = ¢/ f leads to the phase observation
equation in meters:

Li=X-9f =c-(L; = T") + X Nf
=pi —c-AtP e At + X Nf

Difference to the pseudorange observation: integer ambiguity term Nf

u
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Global Gravity Field Modeling G IObaI POSItlon I ng System
from Satellite-to-Satellite Tracking Data

Improved Observation Equation

Lfﬁ:p,f'—(:-Atk"+(:-At?;—|—2§k+2§:—|—)\-]\ff

(]

+ Ay — C- bF e b, + ’m,,i-f + Ef“

pf Distance between satellite and receiver <= Satellite positions and clocks

AtF  satellite clock offset wrt GPS time <= are known from ACs or IGS

At;  Receiver clock offset wrt GPS time

i TFropospherie-detay— — Not existent for LEOs

ﬁl‘—m — Cancels out (first order only)

Nfj Phase ambiguity when forming the ionosphere-

A,.; Relativistic corrections free linear combination:

b Delays in satellite (cables, electronics) fl 22

b; Delays in receiver and antenna Le= -l — 5l
! y ff—=1 =13

mf: Multipath, scattering, bending effects

e Measurement error

— Bad Honnef, 04.10. - 09.10. 2015 &
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Global Positioning System

Glob: odeling
from Satellite-to-Satellite Tracking Data

Geometric Distance

Geometric distance wa IS given by:
k k k
Pleo = |Tieo(Tieo) — T (tieo — Tieo)|

T1co Inertial position of LEO antenna phase center at reception time
rk Inertial position of GPS antenna phase center of satellite £ at emission time

Tl"éo Signal traveling time between the two phase center positions

Different ways to represent Tjeo !

- Kinematic orbit representation

- Dynamic or reduced-dynamic orbit representation
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Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Orbit Representation
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Orbit Representation

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Kinematic Orbit Representation (1)

Satellite position 7¢,(%1e0) (in inertial frame) is given by:

Tleo (tleo) — R(tleo) : (Tleo,e,O(tleo) + 5Tleo,e,ant(tleo))

R Transformation matrix from Earth-fixed to inertial frame
Tleo,e,0 LEO center of mass position in Earth-fixed frame
0T leo,e.ant LEO antenna phase center offset in Earth-fixed frame

Kinematic positions 7., ¢, are estimated for each measurement epoch:

- Measurement epochs need not to be identical with nominal epochs

- Positions are independent of models describing the LEO dynamics.
Velocities cannot be provided

u
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Orbit Representation

. . _ Farth
A kinematic orbit is an = .’
. . ®
ephemeris at discrete °
L
measurement epochs €
b

Bad Honnef, 04.10. - 09.10. 2015

Kinematic positions are
fol yincd eptaide it pratdee
foeas uredwsigssae fosed
(@ twiatdetritresition
(Sagplaetad, ROtHigcher, 2004)




Orbit Representation

Kinematic Orbit Representation (3)

Measurement epochs
(in GPS time)

N x 2009 11 2 [ONON0I806780201
Positions (km) pL15 ES00NGI2059NNGE23N087679NNNNZ3NI04149 1982197971961 Clock correction to
(Earth-fixed) * 2009 11 2 [OFNOTII80678020" nominal epoch (us),

PL15 E 193219.799413

# 2009 11 2 e.g., to epoch
PL15 00:00:03
¥ 2009 11 2 [0T0"3.80678020

PL15 [-386.495163 6624.496541  49.998817 193219.803855

* 2009 11 2 [QT0T4.80678019"

PL15 [-=385.121760 6624.647724  42.296889 193219.806059

* 2009 11 2 [0 580678019

PL15 [-=383.747819 6624.789703  34.594896 193219.808280

* 2009 11 2 [OT0 680678019

PL15 [-382.373332 6624.922464  26.892861 193219.810495

* 2009 11 2 [OT0T7 80678019

PL15 [=380.998306 6625.046003  19.190792 193219.812692

* 2009 11 2 [0 80678019

PL1S [-379.622745 6625.160329  11.488692 193219.814899

¥ 2009 11 2 [0 "9.80678018

PL1S [-378.246651 6625.265448  3.786580/ 193219.817123

Excerpt of kinematic GOCE positions at begin of 2 Nov, 2009
GO_CONS_SST_PKI_2__[20091101T235945 20091102T235944 0001 Times in UTC
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Orbit Representation

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Dynamic Orbit Representation (1)

Satellite position 7¢,(%1e0) (in inertial frame) is given by:

Tleo(tleo) — T'leo,0 (tleo; a,e, ?:7 Q, W, UQ; Q] 3 eeey Qd) + 5Tleoaant(tleo)

Tleo,0 LEO center of mass position
(51"560,&% LEO antenna phase center offset
a,e, i, {2 w,ug LEO initial osculating orbital elements
W1, ..., Qq LEO dynamical parameters

Satellite trajectory e, ¢ Is @ particular solution of an equation of motion

- One set of initial conditions (orbital elements) is estimated per arc.
Dynamical parameters of the force model on request
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Orbit Representation

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Dynamic Orbit Representation (2)

Equation of motion (in inertial frame) is given by:

. r .
r = _GM7_3 + fl(ta r,r, Qla X Qd)

with initial conditions
T(tU) — T‘((L, €, i’: SZ, W, UQ, tO)

f(t()) — 7;(0‘7 e, 1, Qa W, U, tO)

The acceleration f, consists of gravitational and non-gravitational perturbations
taken into account to model the satellite trajectory. Unknown parameters (1, ..., Q4
of force models may appear in the equation of motion together with deterministic
(known) accelerations given by analytical models.

u
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Orbit Determination

Perturbing Accelerations of a LEO Satellite

Force

Central term of Earth's gravity field
Oblateness of Earth's gravity field
Atmospheric drag

Higher order terms of Earth's gravity field
Attraction from the Moon

Attraction from the Sun
Direct solar radiation pressure

p— Bad Honnef, 04.10. - 09.10. 2015

Acceleration
(m/s?)

8.42

0.015
0.00000079
0.00025
0.0000054

0.0000005
0.000000097




Orbit Representation

u
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Semi-major axis:
Twice-per-revolution variations of about £10 km around the mean semi-major axis
of 6632.9km, which corresponds to a mean altitude of 254.9 km

10
Hours of 2 Nov, 2009

Bad Honnef, 04.10. - 09.10. 2015

Orbit Representation




Orbit Representation

—44.5 T T ' '

Q (deg)
5

—45.5 ' ' '
0 5 10 15 20
Hours of 2 Nov, 2009
Right ascension of ascending node:

Twice-per-revolution variations and linear drift of about +1°/day (360°/365days) due
to the sun-synchronous orbit

u
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Orbit Representation

GPS/ D“Q’D GPS!

GPS™

LEO orbit

Dynamic positions are
fully dependent on the
force models used, e.g.,
on the gravity field model

Dynamic orbit positions
may be computed at any
epoch within the arc

AIUB —— Bad Honnef, 04.10. - 09.10. 2015



Orbit Representation

Reduced-Dynamic Orbit Representation (1)

Equation of motion (in inertial frame) is given by:
. r .
r = —GM7—3 + ft,r, 7, Q1,....,Qq4, P, ..., Ps)

ey P Pseudo-stochastic parameters

Pseudo-stochastic parameters are:

- additional empirical parameters characterized by a priori known statistical
properties, e.g., by expectation values and a priori variances

- useful to compensate for deficiencies in dynamic models, e.g., deficiencies
in models describing non-gravitational accelerations

- often set up as piecewise constant accelerations to ensure that satellite
trajectories are continuous and differentiable at any epoch

u
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Orbit Representation

S R

GPS™

Reduced-dynamic orbits
heavily depend on the
force models used, e.g.,
on the gravity field model

Reduced-dynamic orbits
are well suited to compute
LEO orbits of highest

quality
(Jaggi et al., 2006; Jaggi, 2007)
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Orbit Representation

Reduced-dynamic Orbit Representation (3)

Position epochs
(in GPS time)

* 2009 11 2

Positions (km) & PL15
Velocities (dm/s) YL19
: * 2009 11
(Earth-fixed) PL15
¥L15

* 2009 11

PL15

¥L15

* 2009 11

PL15

¥L15

* 2009 11

PL15

¥L15

* 2009 11

PL15

¥L15

* 2009 11 2

PL15

¥L15

Clock corrections

5 are not provided

2

2

2

2

Excerpt of reduced-dynamic GOCE positions at begin of 2 Nov, 2009
GO _CONS_SST_PRD 2 20091101T235945 20091102T235944 0001

AIUB u ,,,,,, Bad Honnef, 04.10. - 09.10. 2015




Wilhelm und Else

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Orbit Determination

Bad Honnef, 04.10. - 09.10. 2015




Orbit Determination

Principle of Orbit Determination

The actual orbit 7(¢)is expressed as a truncated Taylor series:

n
r(t) = ro(t) + 3—21 (?)Tp? (t) - (P, — Py)
ro(t) A priori orbit
g?];(; (1) Partial derivative of the a priori orbit 7o () w.r.t. parameter P,
Py A priori parameter values of the a priori orbit (%)
P; Parameter values of the improved orbit 7 ()

A least-squares adjustment of spacecraft tracking data yields corrections to the

a priori parameter values £ ;. Using the above equation, the improved (linearized)
orbit 'r(t) may be eventually computed.

u
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- Orbit Determination

Global &

A priori orbit generation: Keplerian Orbit

Coordinates in orbital system:
n = mean motion

n? a3= GM

M = mean anomaly

M) = n (t-To)

Kepler’'s equation:
E = eccentric anomaly

E(t) = M(t) + e sin E(t)

X =a(coskE —e)

y=avl-e’sinE

u
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Global Graw Mo
from Satellite-to-Satellite Tracking Data

The resulting formulas are those used in
the two-body problem for ephemerides
calculations. They are coded in the SR
ephem which is used for the exercises.

u
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- Orbit Determination

Positions in equatorial system:

They follow from the coordinates in
the orbital system by adopting three
particular rotations:

X

Ya | = Rs(=Q2)-R,(-1)-R;(~w)-
Z

a

The same holds for the velocities:

Xa

Yo |=Rs(-Q)-Ry(-1)-R;(-w)-
Z

a

09.10. 2015




Orbit Determination

Numerical Integration (1)

Collocation algorithms (one particular class of numerical integration techniques)
are subsequently used to briefly illustrate the principles of numerical integration:

The original intervall is divided into /V integration intervals. For each interval I,

a further subdivision is performed according to the order g of the adopted method.

At these points rkj the numerical solution is requested to solve the differential
equation system of order 7.

. (Beutler, 2005)

u
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Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Numerical Integration (2)
Initial value problem in the interval I, is given by:
i:k — f(t,rk,i'k)

with initial conditions
Iy (fk) = T and  Tr(f) = Fro

where the initial values are defined as

o_Jr) k=0

r .
K0 e () s k>0

u
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Orbit Determination

Numerical Integration (3)

The collocation method approximates the solution in the interval [, by:

. [ . : :
The coefficients I‘,EO), [ = 0,...,q are obtained by requesting that the numerical
solution assumes the initial values and solves the differential equation system
at g — 1 different epochs k) Jj = 1,....qg — 1. This leads to the conditions

q rk >’—2 | |
2 T T (IR ACRR AR I

l,....,.q—1.

They are non-linear but can be solved efficiently by an iterative procedure.

(Beutler, 2005)

u
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Orbit Determination

Pocket Guide of Least-Squares Adjustment (1)

The system of Observation Equations is given by:
L' +e=F(X)
or, if F'is a non-linear function of the parameters, in its linearized form:

L’—|—E:F(X0)—|—A:TJ

L Tracking observations X  Apriori parameter values
€ Observation corrections & Parameter corrections
F Functional model X Improved parameter values,
e, X = Xg+x
. OF(X) | | |
A= ———= First design matrix
0X X=X,

u
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Orbit Determination

Pocket Guide of Least-Squares Adjustment (2)

The system of Normal Equations is obtained by minimizing e! P e:
(A"PA)z-A"PI=Nz-b=0

N=A"PA Normal equation matrix

b= A" Pl Right-hand side with "O-C"term [ = L' — F(X)

2 ~—1 : : . . .
P =0 Cy Weight matrix, from covariance matrix Cj; of observations

For a regular normal equation matrix the parameter corrections follow as:

z = (ATPA)_1 ATPI=N""b

u
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Orbit Determination

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Pocket Guide of Least-Squares Adjustment (3)

The a posteriori standard deviation of unit weight is computed as:

el Pe
mo — f
S Degree of freedom (number of observations minus number of parameters)

The covariance matrix of the adjusted parameters is given by
2 2 nr—1
Crz = myg Q:ca: = My N
and their a posteriori standard deviations follow from the diagonal elements:
Mg =V Crz = Mo VQzaz
u
AIUB — Bad Honnef, 04.10. - 09.10. 2015




umn School Orbit Determination

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Pocket Guide of Least-Squares Adjustment (4)

Parameter constraints may be introduced by artificial observations with a user-
specified variance afw ;- These observations have to be appended to the system of
observation equations. If the change with respect to the a priori value is used as

the actual parameter in the artificial observation equation, the weight

abs

has to be only added to the corresponding diagonal element of the normal
equation matrix IV, because the value O—C is zero in this special case.
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from Satellite-to-Satellite Tracking Data

Example of Filter Approaches (1)

Assuming that measurement data are uncorrelated between measurement
epochs, and that the epoch-wise weight matrix is denoted by P;, the normal
equation system at epoch no. j reads as

N, AXy; =b,
| |

N; =(A"PA); = > A'RA =3 AN, AX,; =Qb.
k=0 k=0
] ]

b, = (ATPAI), => A(PAl => Ab,
k=0 k=0

The index ] indicates that for the solution all measurements up to epoch t; are
used

u
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- Orbit Determination

Example of Filter Approaches (2)

The recursion formula for the non-inverted normal equation system is trivial:
N j+1
N..=N +AN,,
b,,, =b, +Ab;

AXo,j+1 = bj+1

Solution vectors, error estimates, and covariance matrices can be computed at
every measurement epoch if required. If the dimension of N; is large, however,
a frequent inversion will not be a preferred solution strategy.

u
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Global Gravity Field Modeling - Orblt Determlnatlon

from Satellite-to-Satellite Tracking Data

Example of Filter Approaches (3)

A recursion formula can also be derived for the inverted normal equation system:

N j+1AXO j+1 b

0]+1 J+1( +Abj+l) j+1(N AX +Abj+1)
AXO,j+1 = Qj+1 ({ N j+1 AN j+1} AXOJ + Abj+1)

AXo j+1 — AXoJ "‘QH J+1PJ+1 {A|j — AHlAX } resubstitution term

AXo,j+1 = AXOj + Kj+1 {Alj Aj+1AX } gain matrix

The formulas are well suited for real-time applications as it is straightforward to
check the results for plausibility. They are also closely related to the Kalman
filter formulas. Aspects not presented here are the transformation of the
parameters to a new set of parameters at every epoch and stochastic system
equations.

u
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- Orbit Determination

Example of Filter Approaches (4)

Filter: a(t) Filter: a(t)

140 135+
1345

120 -
134
1335¢F

100+
133+
E B8O E 13251
132

B0
131.5F
131+

40+
1305

20 1 1 1 1 J 130 1 1 J
0 5 10 15 20 25 0 500 1000 1500

Time (min) Time (min)

Example from the exercise: Semi-major axis refering to t, from a filter solution.
Left: epochs 3 — 50, Right: epochs 50 until end of the day.

Even with only a few epochs the solution is much better than the “quick and dirty”
polynomial fit. After about 500 min the solution is stable.

u
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Example of Filter Approaches (5)

For the recursion formula developed so far the following relations may be used:
-1
Nj+l = Nj +ANJ-+1, Qj+1 :(Nj+l)

If the dimension of N;,, is large, the following recursion formula, following from a
rather laborious derivation, is preferred:

-1
Qj+1 — Q Q Aj+l j+l(E + Aj+lQ Aj+l j+1) Aj+le
Qj+1 Q Q Aj+1(Pj+11 + Aj+lQ Aj+1) j+1Qj

The matrix to be inverted is of the size of the number of measurements to be
processed per epoch.

u
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Orbit Determination

Partial Derivatives

The partial of the 7 -th observation w.r.t. orbit parameter F; may be expressed as

OF, (X)
OF,

dro

op )

with the gradient given by

87‘0,1 87‘032 (97‘0’3

if the observations only depend on the geocentric position vector and are referring
to only one epoch. The gradient only depends on the type of observations used,
whereas the second term is independent of the observation type and related to
the variational equations. This separates the observation-specific (geometric)
part from the dynamic part.

u
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Orbit Determination

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Variational Equations (1)

For each orbit parameter P; the corresponding variational equation reads as

0f 1
zp =Ap-zp + A1 -z2p + -
P; 0" 2P 1 2P oP,
with the 3 x 3 matrices defined by
df; of;
A - and A - )
O[Z:k} 87‘0’],{: 1[’6,]3} 8?"0’]6
i 7 -th component of the total acceleration f

T0.k  k-th component of the geocentric position 7

For each orbit parameter P, the variational equation is a linear differential equation
system of second order in time. Their solutions are all needed for orbit determination.
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Orbit Determination

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Variational Equations (2)

The variational equation is a linear, homogeneous system with initial values
ZP; (to) #0  and Zp, (to) #0 for P e {a,e,1,Q,w,ug}
and a linear, inhomogeneous system with initial values

zp(tg)=0 and Zp(tg)=0 for P e{Q,..,Qq}

Let us assume that the functions 2, (t),7 = 1, ..., 6 are the partials w.r.t. the six
parameters O, 7 = 1, ..., 6 defining the initial conditions at time Zy. The ensemble
of these six functions forms one complete system of solutions of the homogeneous
part of the variational equation, which allows to obtain the solution of the inhomo-
geneous system by the method of "variation of constants".




Orbit Determination

Variational Equations (3)

The solution and its first time derivative may be written as
6
k k
25 =Y ao,n(t) 28 (1) k=01
j=1
with the coefficient functions defined by

(t) = t Z 't -hp(t) - dt

Qap.

column array defined by (o, p;, ..., aOGPi)T
Z 6 x 6 matrix defined by Z|, 3.1 = 20,, 44, 6.5] = 20,

column array defined by (07, df1 /OP;)"

u
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Orbit Determination

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Variational Equations (4)

Note that the solutions z p, (t) of the variational equation and its time derivative
may be expressed with the same functions a.p, p, (t) as a linear combination with
the homogeneous solutions z; () and :éoj (¢), respectively.Therefore, only the
six initial value problems associated with the initial conditions have to be actually
treated as differential equation systems. Their solutions have to be either obtained
approximately, or by numerical integration techniques.

All variational equations related to dynamical orbit parameters may be reduced to
definite integrals. They can be efficiently solved numerically, e.g., by a Gaussian
quadrature technique.

It must be emphasized that each additional orbit parameter requires an additional
numerical solution of a definite integral. In view of the potentially large number of
orbit parameters, it is advantagous that for pseudo-stochastic orbit parameters
an explicit numerical quadrature of the definite integrals can be avoided.

(Jaggi, 2007)

u
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Partial Derivatives for Keplerian Orbits

The partial derivatives wrt the orbital elements can be explicitly derived for
Keplerian orbits by using the formulas of the two-body problem:

X a(cosE —e)
Y. |=R;(-Q)-R,(-)-R,;(-w)-| avl-e® -sinE
Z, 0

As an example, for the partial derivative wrt the inclination i we obtain

X a(cosE —e)
ﬁ_ Ye =Rg(—Q)-g.{Rl(—i)}-R3(—a))- avl-e®-sinE
ol , Ol 0

Similar expressions are also obtained for the other partial derivatives. Note that
the partials wrt a and e are more complicated as E depends on them, as well.

u
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from Satellite-to-Satellite Tracking Data

Pulses (1)

The special case of instantaneous velocity changes (pulses) V; at times Z; in
predetermined directions e(ti) Is particularly simple. The contribution of this
parameter P; = V; to f{ may be formally written as V; - 6(¢ — ;) - e(t)
and the corresponding variational equation reads as

EVZ-:AO'ZV@- +A1-z':%+6(t—ti)-e(t)

The coefficients ay, (1) read for this special case as

ay,(t) = tté(t' —t;) - Z7H(t) by () - dt' = Z7H () - hy () = By,

Subsequently, an alternative, more intuitive derivation is given.

u
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Pulses (2)

Let us assume that we want to allow for an instantaneous velocity change of the
orbit r(t) at the epoch t;in the direction of the unit vector e. We want the resulting
orbit to be continuous. The difference of the new — old orbit at t; obviously is
given for t = t, by:

or(t;)
or

5o
or(t;) =0 .

The difference of the new — old orbit for t = t, obviously is given by:
i dar o
or(t) = PeE— t) ov
() ( 5750 )

AIUB — Bad Honnef, 04.10. - 09.10. 2015




- Orbit Determination

Pulses (2)

or |
(.&'J (5«}) (tz) =0
or Ly
(.&'J(ri-w}) (i) =e

As the partial derivative is a solution of the homogeneous variational equations,
we may write

fj . def 0
E ST e P
k k=1

The time independent coefficients g, still have to be determined.

where

=

|_|.

u
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Glob: odeling
from Satellite-to-Satellite Tracking Data

Orbit Determination

Pulses (3)

To solve for the unknown coefficients, the linear combination of the six partial

derivatives w.r.t. the osculating elements at time t, have to be inserted into
the equations defining the partial derivatives w.r.t. v at time t;:

G

Z-:‘jk zZk(t:) = 0
k=1

§
Z.-’fk Zr(t;) = e
k=1

There is one set of coefficients for each pulse. Even if a huge number of pulses
are introduced, there is no necessity to solve additional variational equations.
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Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Orbit Determination

Short-Arc Approach

It is as well possible to not only allow for a discontinuous velocity vector, but
also for a discontinuous position vector by setting up instantaneous position
changes in addition. In analogy to the instantaneous velocity changes, the
coefficients of the linear combination of the six partial derivatives w.r.t. the
osculating elements at time t, may be found by solving a system of linear

equations:

Position changes:

il Pox; - 2o, (t:) = e(t;)
=

u
AIUB p— Bad Honnef, 04.10. -

Velocity changes:

6
_Zl Poyv,-20,(ti) =0
]:

6
Y. Bov, - 2o,(t;) = e(t;)
J:
(Mayer-Gdirr et al., 2005)
09.10.2015 &
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GPS-based LEO POD

LEO Sensor Offsets

Phase center offsets §7¢4 gt

u
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are needed in the inertial or Earth-fixed frame and have to be transformed
from the satellite frame using attitude data from the star-trackers

consist of a frequency-independent instrument offset, e.g., defined by the
center of the instrument's mounting plane (CMP) in the satellite frame

consist of frequency-dependent phase center offsets (PCOs), e.g., defined
wrt the center of the instrument's mounting plane in the antenna frame (ARF)

consist of frequency-dependent phase center variations (PCVs) varying
with the direction of the incoming signal, e.g., defined wrt the PCOs in the
antenna frame




Wilhelm und Else Heraeu: umn School

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

GPS-based LEO POD

Example: GOCE Sensor Offsets (1)

Redundant Main SSTI
SSTI antenna antenna
0
g ; -
-
-
-
-
-
-
-
-
-
= 2 P ~ Flight direction
SRF C M
° XSRF
( Laser retro
reflector
= Offset wrt satellite reference frame (SRF) is constant

~ Nadir pointing Offset wrt center of mass (CoM) is slowly varying

u
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GPS-based LEO POD

Example: GOCE Sensor Offsets (2)

Table 1: CoM coordinates in SRF system

CoM XsrelM] | YorelM] | Zggelm]
Begin of Life (BoL) 2.4990 0.0036 0.0011
End of Life (EoL) 2.5290 0.0038 0.0012

Table 2: SSTI antenna CMP coordinates in SRF system Table 3: SSTI antenna CMP coordinates wrt to CoM (BoL)

CMP coordinates Xere [M] | Yegelm] | Zggelm] CMP coordinates Xeow [M] | Yeoulm] | Zoulm]
Main 3.1930 0.0000 | -1.0922 Main 0.6940 | -0.0036 | -1.0933
Redundant 1.3450 0.0000 | -1.0903 Redundant -1.1540 | -0.0036 | -1.0914

Table 4. SSTI antenna phase center offsets in ARF system

Bad Honnef, 04.10. - 09.10. 2015

Phase center offsets XarelmMM] | Yapelmm] | Z,ge[mm]

Main: L1 -0.18 3.51 -81.11

Main: L2 -1.22 -1.00 -84.18

Redundant: L1 -0.96 3.14 -81.33 Derived from Bigazzi and
Redundant: L2 -1.48 -1.20 -84.18 Frommknecht (2010)




GPS-based LEO POD

Example: GOCE GPS Antenna

L1, L2, Lc phase center offset: Lc phase center variations
25 mm

20

15

110

‘flight O

direction

Measured from ground calibration Empirically derived during orbit determination
in anechoic chamber according to Jaggi et al. (2009)
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GPS-based LEO POD

x10°m
6
4 y
/# \\\\\\\
2 . f%m% \“ \\\;2 It is more instructive
0 JWWOWO AL to look at differences
s A
" | W """;’:'&’&W between orbits in well
A\ ﬂ'”w i suited coordinate
4 / M/ﬂ” systems ...
-6 /
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x106m
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GPS-based LEO POD
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from Satellite-to-Satellite Tracking Data

R, S, C unit vectors are pointing:

- into the radial direction

- normal to R in the orbital plane

- normal to the orbital plane (cross-track)

T, N, C unit vectors are pointing:

- into the tangential (along-track) direction
- normal to T in the orbital plane

- normal to the orbital plane (cross-track)

Small eccentricities: S~T (velocity direction)
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GPS-based LEO POD

0.3 +— 18.2 mm

Differences at I T
-' Y '.‘ o .' -. T .._',.“

epochs of kin.
positions

mm

100 F ! ! ! ! ! ! ! I T -]

—_

Q

o
I

50 - cross—track -3.2+- 7.7 mm

mm

0 3 6 9 12 15 18 21 24
Hours of day 120/2009
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GPS-based LEO POD

utumn School

Wilhelm und Else Hers

Time-Differenced

T T X L
) C e 0.0,+=

9.6.mm,

Largest scatter of ¢
Kin. positions

=
£
50 | | | | | | | i
T T T T T T T T
50 .
cross—track . . 0.0 +- 3.7mm
£
=
-50[ l 1 1 1 l - 1 1 1 N
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Hours of day 110/2009
b
u
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Pseudo-Stochastic Accelerations (GOCE: Begin of Mission)

1000

500

nm/s>
Q

-500

-1000

1000

Eagjestgidred
tghtoair-dlay

Wilhelm und Else He

Glol deling
from Satellite-to-Satellite Tracking Data

radial

54.6 +— 147.6 nm/s>

1
/ |
o along-track

S~

—74.5 +— 221.8 nm/s>

cross—track

-106.2 +— 230.4 nm/s®

9
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GPS-based LEO POD




GPS-based LEO POD

Improving LEO Orbit Determination (1)

PCV modeling is one of the limiting
factors for most precise LEO orbit
determination. Unmodeled PCVs
are systematic errors, which

25 mm

20

15

110

- directly propagate into kinematic
orbit determination and severly
degrade the position estimates

-10

- propagate into reduced-dynamic 15

orbit determination to a smaller,
but still large extent

-20

-29
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GPS-based LEO POD
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GPS-based LEO POD

Orbit Differences KIN-RD (GOCE: entire mission)

40 I 1 I | | 1 | [ | I | 1 I
Mean TEC (TECU)

30} *  missing L2 data (%)
2 O  missing KIN positions (%)
—
= 20
O
-

10

= 'f" - ‘5‘3

Jul Jan Jan Ju
Date in 2009-2013

The result illustrates the consistency between both orbit-types. The level of
the differences is usually given by the quality of the kinematic positions.

o R

The differences are highly correlated with the ionosphere activity and with
data losses on L2.

u
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(Bock et al., 2014)
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Gl

from Satellite

RMS of orbit differences (30) in 2009

Ascending arcs (RMS) Descending arcs (RMS)

2009

o
Longitude ||

1]
Longituce ||
orbil differences (30) in 2010 RMS of orbit differences (30) in 2010

a
Longibude [}
RMS of orbdt differences (30) in 2011

2011

o
Longituce |']

o
Longituce ']
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GPS-based LEO POD

Orbit Validation with SLR (GOCE)

SLR Residuals for GOCE (RD PSO orbit)

150 ‘
Haleakala
g wof e
‘% > Concepcion .
F o - zememaa | Reduced-dynamic
g . : E?:f'?féff.é’d"
100l Year red.-dynamic kinematic 1 51%2?
2009 0.24 £ 1.73 0.29 +1.91 ~ Wettzell
oo 2010 -0.10 +=1.56 -0.12 += 1.84 ) .
2011 020+ 1.53 0.12 + 2.36 SLR statistics:

-20%pR JUL OCT L ocT

2012 0.10 £1.94 -0.05 &£ 2.78

200 2013 063+ 9262 045 + 317 Mean = RMS (cm)
1 20092013 018 £ 1.84 0.10+242 ||
= ‘Yarragadee
100} = Greenbelt
Monument Peak
g + Haleakala
— Tahiti
E 50/ o Kiglalnei
@ » Concepcion
© Harteb thoek H H
2 o . Zmmeas | KINematic
=z San Fernando
o Mt. Stromio
@» -50 - Graz
Herstmonceux
. . 8 ] (PsotSdam
v Grasse
—1oo- % g i v Matera
H H : @ Wettzell
* =
150~ 4
2000 L BGT JAN APR UL OBT AN APR UL 06T JAN APR JUL OGT AN APR UL 06T (Bock et al., 2014)

Date in 2009 — 2013
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GPS-based LEO POD

Orbit Validation with SLR (GOCE)

LEO orbits may be shifted ™ | | ' | | R
up to several cm's in the Y
cross-track direction by
unmodeled PCVs.

Thanks to the low orbital
altitude of GOCE it could
be confirmed for the first
time with SLR data that
the PCV-induced cross-
track shifts are real (see
measurements from the
SLR stations in the east
and west directions at

low elevations). % 50 100 150 200 250 300 350
Azimuth

u
AIUB H— Bad Honnef, 04.10. - 09.10. 2015




m A ,/

(Flohrer, 2008)

GPS-based LEO POD

(Hackel et al., 2015)

Especially LEO satellites at low orbital altitudes allow not only for a validation
of the orbit quality in the radial direction, but also in the other directions. Using
long data spans, mean SLR biases may be determined in along-track and

cross-track, as well.
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GPS-based LEO POD

Other Validation Concepts (1)

GOCE orbit height derived from GPS

240
220 J
200+ T m |
E 180}
21 October 2013
160+
1401 10 November 2013 s
1290 205 300 305 310 315

Day of Year

At extremely low orbital altitudes, the comparison between reduced-dynamic
and kinematic orbits rather validates the quality of the reduced-dynamic orbits.
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GPS-based LEO POD
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Hours of da*,r 302/2013 (Jaggi et al., 2014)

The comparison between estimated accelerations and measured data from
onboard accelerometers may also provide an indication of the underlying orbit
quality. If non-gravitational force models are taken into account, the magnitude
of the estimated accelerations indicates the quality of the force modeling.
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GPS-based LEO POD

Non-gravitational Force Modeling (1)

Swarm orbit solutions derived from GPS

00 o7 D3

eS IERS1996 v
T ERS2010
ixation GGMO1S+TOP3.0 v
N GOCO03S+FES4.0
_ SRP cannon-ball v
?\adxaﬁoﬂ SRP macro
ERP macro
_ Drag cannon-ball v
,’\\D\’Od\;ﬂ' Drag macro
Drag, lift, molec. [3]
... Jacchia-71G v [9]
e pTV-2012 [10]
NRLMSISE-00 [11]
\;xj'\ﬂd HWM-07/ ['] 2]

NS NN

AN

kinematic only (KIPP)

AU

NS

(Hackel et al., 2015)
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GPS-based LEO POD

Non-gravitational Force Modeling (2)

Swarm orbit solutions derived from GPS

ID CD CE CR ar [Nnm/s2]  ar[nm/s?]  ay[nm/s?]  SLR Residuals [mm]
id0 1.3+£0.3 n/axn/a 4.3+0.9 9.4 36.9 24.3 -1.1+£16.7
id7  0.8+£0.2 0.7+0.2 1.0+0.2 1.5 22.2 14.0 0.7+15.9
Id8 n/a+n/a n/axn/a n/axn/a n/a n/a n/a —-0.7+£38.2

Quite an effort is needed to actually improve the quality of reduced-dynamic
trajectories by taking into account non-gravitational force models. If dense and
continuous tracking data (such as GPS) are available, the pseudo-stochastic
orbit modeling techniques are very powerful.

But of course, a good modeling is always preferred. This guarantees that the
trajectories have a good dynamical stiffness and are less prone to data
problems and outages. But for results of highest quality, empirical parameters
are usually nevertheless needed ...

(Hackel et al., 2015)
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GPS-based LEO POD

Purely Dynamic LEO Orbit Modeling

o Bias ' Drift Fit
I = I L
GOCE orbit : — ' ' '
o SL _
Acc. CM1 Acc. 1 +
1-10 Nov. 2009 518 5.20 g § | _
S
1-10 Nov. 20093 518 5.27 <
[ -
1-10 Nov. 20094 5.18 517
o
. . A E oy — - 8 B N
Full mission®:® 6.87 6.89 H . | .

0 500 1000 1500
date (days since 1 Nov. 2009)

Thanks to the outstanding quality of the GOCE accelerometers, purely dynamic
orbit determination is feasible. The table shows that the agreement with the
official Precise Science Orbits is about 5cm when using the common-mode or
even the individual accelerometer data. Accelerometer calibration parameters are

estimated together with the initial conditions as the only additional parameters.
(Visser et al., 2015)
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GPS-based LEO POD

GRACE Orbit Validation with K-Band (1)

251

na
o

K-band range STD (mm)

L&
T

—&— PCV not corrected
—e— PCV corrected

! |||ul|||ﬁ .
'H “ !Tlr::ﬂﬁu .I |r|i lt'li"lril A

I| pl !i
|§¥ ]é, « !."n! wﬂl! i h ey (Y3 e ZD solution
l ' < l1cm
: - DD solution
0 50 100 150 200 250 300 350 (ambiguity-fixed)
Day of year 2007 < 1mm

The ultra-precise and continuously available K-Band data allow it to validate the

inter-satellite dist

ances between the GRACE satellites. Thanks to this validation,

e.g., PCV maps were recognized to be crucial for high-quality POD.

(Jaggi et al., 2009)
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[=]
w

Reduced-dynamic fits through kinematic positions only then have the same quality
as reduced-dynamic orbits directly derived from GPS carrier phase, if covariance
information from the kinematic positioning is used over sufficiently long intervals to

properly weight the kinematic pseudo-observations in the orbit determination.
(Jaggi et al., 2011b)
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Generalized Orbit Determination
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Generalized Orbit Determination

Generalized Orbit Determination (1)

The actual orbit 7(#)is expressed as a truncated Taylor series:

nO 8 I‘()

r(r) = Z "qi
1—1 i=1 an
ro(t) A priori orbit
al‘o(l‘) al‘o(l‘) _ i :
: Partials w.r.t. arc-specific and dynamic (global) parameters
20; = JQ;
Oi, qi Corrections of arc-specific and dynamic (global) parameters

The variational equations of the dynamic parameters, e.g., gravity field coefficients,
may be solved by the general methods as discussed earlier in this lecture. Their

solutions may be reduced to definite integrals and efficiently solved by numerical
quadrature.

u
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Grawity Field Modeling
from Satellite-to-Satellite Tracking Data

Generalized Orbit Determination (2)

GPS L1 and L2

and 32 GHz
Crosslink

S-Band Uplink/
Downlink

>

~ PokerFlat =

Neustrelitz /é‘f

Science Data System P
Weilheim

Wilhelm und El

u
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Generalized Orbit Determination

Generalized Orbit Determination (3)

The actual orbit difference r,(¢) —r,(¢) is expressed as:

I‘a(l‘)—l‘b(l‘) = I‘a()(t)—l‘bo(l‘)

+ Z 0, "Oqi

90, b
d
ar o (t drp (1
- (- )

In order to set-up the observation equations, the partial derivatives of the a priori
orbits need to be related to the observables, e.g., by projecting the respective terms
on the line-of-sight direction between GRACE-A and -B in the case of K-Band

(biased) range observations.
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m‘:.._-...-ne,-,..ir,-Fie:“r.:.:::::: Generalized Orbit Determination
from Satellite-to-Satellite Tracking Data

Generalized Orbit Determination (4)

In case of GPS-based gravity field determination, the observation equations
contain corrections for arc-specific parameters @ and for (global) dynamic
parameters

E=A,0+A,q-1

The corresponding normal equation system reads as

(NeNe) ()= (6:)
Ngq qu q bq

and, after pre-elimination of the arc-specific parameters, as

(qu o N({q N;()l NOQ) q = bq - Ngq (Nc;ol bO)




u
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Generalized Orbit Determination

Global Gravity Field Modeling
from Satellite-to-Satellite Tracking Data

Orbit Fixation

For didactic reasons, let us now fix the arc-specific parameters to previously
determined values while estimating the corrections to the gravity field parameters
In a second step. This implies that the sub-system

N,,0 =b,

Is solved independently from the remaining part of the correct normal equation
system and that the parameters o' are introduced in the following gravity
recovery step as known. The remaining normal equation system reads as

N(M q’ — bq - Ngq o' = bg o Ngq (Nc:ol bO)

This yields a different (biased) solution as the orbit parameters o fully depend
on the a priori gravity model and the correlations between orbit and gravity field
parameters are ignored.

(Meyer et al., 2015)




Generalized Orbit Determination

Relation to the Acceleration Approach (1)

Let us assume that the second derivatives of the position vector have been
observed (derived by numerical differentiation from kinematic positions). The
observation equations for one particular epoch read as

where AT, represents the observed minus the computed acceleration. The
partial derivatives in the second sum may be replaced by the right-hand sides of
the variational equations, which read as

oi(ty) _ Of(t,) Jr(t) N of(t,) JrE(tr) N of(t,)
8Qk N 8r(tr) an 81"(@) an &Qk

u
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Generalized Orbit Determination

Relation to the Acceleration Approach (2)

The observation equations actually used in the acceleration approach read as

From the point of view of orbit determination this implies that

of (1, 8r(rr) of(t,) or(t)\
2 aok A +Z(&r 30; | I, an)O

n

It is thus assumed that the changes in the second derivatives of the orbit caused
by the estimated gravity field parameters are counterbalanced by changes of the
second derivatives of the orbit due to the changes in the arc-specific parameters.
The assumption is met if the a priori orbit used to compute AF, in the acceleration
approach equals the estimated a posteriori orbit from classical orbit determination.
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Global Gravity Field Modeling
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Generalized Orbit Determination

Reference field:
GRACE Solution

Differences:

1-year GRACE
0.7-years GOCE

Geoid heights (m)

0 1IC| EID BID 4IC| 5ID EID ?’ID BID 20
Degree of spherical harmonics
Different slopes of the difference degree amplitudes due to different LEO altitudes.
. (Jaggi et al., 2011a)
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Generalized Orbit Determination

Impact of PCVs on GPS-Based Gravity Field Recovery
GRACE gravity field solutions derived from GPS

10’

107 ¢

o

|
ra
i

Geoid heights (m)

107k mm—— | TG-GRACEOQO3S 4
—— GRACE-B (PCV not corrected)| ]

= GRACE-B (PCV corrected) 1
GRACE-A (PCV not corrected)| |

— GRACE-A (PCV corrected) ]

10_4 1 1 1 1
0 20 40 60 80 100 120

Degree of spherical harmonics

Mismodeled PCV maps may propagate via kinematic positions into the gravity field

solutions. They represent a significant source for systematic POD errors.
(Jaggi et al., 2009)

B
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Generalized Orbit Determination

direction

g

GRACE-A GRACE-B
(occultation antenna switched on)

(Jaggi et al., 2009)
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Generalized Orbit Determination

Other Sources of Systematic Errors
GOCE gravity field solutions derived from GPS

107°

— | TG-GRACE2010
m— 2009 Nov/Dec

I m— 2010 Nov/Dec
10° | s 2011 Nov/Dec
i 2012 Nov/Dec
s R4

-

-
c>I

Difference degree amplitudes

0 20 40 60 80 100 120
Degree of spherical harmonics

Significantly different qualities of various bi-monthly GOCE GPS-only solutions.
The long-term solution R4 shows no significantly improved quality w.r.t. the bi-
monthly solutions below degree 30.

u
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Wilhelm und Else Heraeu:

Generalized Orbit Determination

Global
from Satellite-to--

lonospheric Effects in the Orbits (1)

Systematic effects around the geomagnetic equator are present in the
lonosphere-free GPS phase residuals => affects kinematic positions

Degradation of kinematic positions around the geomagnetic equator propagates
Into gravity field solutions.

Phase observation residuals Geoid height differences
(- 2 mm ... +2 mm) mapped (-5cm ... 5 cm);

to the ionosphere piercing TIM-R4 model

point

. (Jaggi et al., 2015a)

u
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Generalized Orbit Determination

lonospheric Effects in the Orbits (2)

One possible cause is the neglection of the higher order ionosphere (HOI)
correction terms.

First tests using HOI correction terms did, however, not show any improvement
in the results.
But an empirical approach can be adopted:

Removal of observations, which have large ionosphere changes from one epoch to
the next (e.g. >5cm/s).

ascending descending

100 200 300 400
nr of removed points in 1 x 1 bins for doy 300-365 in 2011

u
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Difference degree amplitudes
3 £
T

Wilhelm und Else He

Generalized Orbit Determination

Glol

deling
from Satellite-to-Satellite Tracking Data

Ionospherlc Effects |n the Orbits (3)

2009

e | =T B
— 2009 Scmis 20] 0 e 20] 1 —_— 01 e

Difference degree ampltudes

f f f
Difference degree amplitudes

De‘:reeofsphe;rlcalhamoinbs I LOSS Of kinematic pOSitionS: : De?reeofsphg:lcalhanm:;lcs

2009 0.1%
2010 0.2%
2011 6.2%
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Generalized Orbit Determination

Global
from Satellite-to--

Attempts to Model the lonospheric Effects (1)

Conventional modeling of HOI correction terms does not show any
improvements. Also the application of further HOI correction terms than
recommended by the IERS Conventions 2010 does not bring any further
improvements.

lonosphere delays (= slant TEC) need to be directly derived from the geometry-
free linear combination to compute more realistic HOI correction terms.

STEC
400 T

L1 L2 ol
lonosphere ool . o
. 250 © *5’
lonosphere-free elimination First .
linear === == == =4 order 3 200 °
combination effect
STEC . Higher
from - - modefing_ _ {5 ger
based on
GPS data effects

u
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Generalized Orbit Determination

G
from Satellite-to-Satellite Tracking Data

Attempts to Model the lonospheric Effects (2)

STEC estimations are fed into the kinematic orbit determination instead of the
global ionosphere map

HOI correction terms are computed based on the STEC estimations

Only partial reduction achieved so far in gravity field solutions

With new STEC, 300-365, 2011

Phase observation residuals (- Geoid height differences
2 mm ... +2 mm) mapped to (-5cm ... 5cm); Nov-
the ionosphere piercing point Dec 2011

u
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Generalized Orbit Determination

Situation for other LEO Satellites (1)

Original GPS Data Screened GPS Data
(13 months) (18 months)

min/max/wrms [m]: —0.042/0.052/0.010 min/max/wrms [m]: —0.026/0.019/0.004
m _ [m] m ﬁ [m]
I T
-0.05-0.04-0.03-0.02-0.01 0.00 0.01 0.02 0.03 0.04 0.05 —-0.05-0.04-0.03-0.02-0.01 0.00 0.01 0.02 0.03 0.04 0.05

(Differences wrt GOCOO05S, 400 km Gauss smoothing adopted)

Systematic signatures along the geomagnetic equator may be efficiently reduced
for static Swarm gravity field recovery when screening the raw RINEX GPS data
files with the dL4/dt criterion.

u
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Generalized Orbit Determination

Situation for other LEO Satellites (2)

Original GPS Data Original GPS Data
(GRACE)

min/max/wrms [m]: —0.042/0.052/0.010 min/max/wrms [m]: —0.026/0.025/0.006
m T _[m} ml ﬁ[m]
-0.05-0.04-0.03-0.02-0.010.00 0.01 0.02 0.03 0.04 0.05 —-0.05-0.04-0.03-0.02-0.010.00 0.01 0.02 0.03 0.04 0.05

(Differences wrt GOCOO05S, 400 km Gauss smoothing adopted)

Systematic signatures along the geomagnetic equator are not visible when using
original L1B RINEX GPS data files from the GRACE mission.

u
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Generalized Orbit Determination

Situation for other LEO Satellites (3)

GRACE-B, doy 060-090, 2014 (all Swarm-A, doy 060-090, 2014 (all
arcs) arcs)

1 1 1 1 1 1
0 50 100 150 200 250 300 0 2 o & 8 10 12 14 16 18 20 22

Significant amounts of data are missing in GRACE L1B RINEX files
=> problematic signatures cannot propagate into gravity field.

Swarm RINEX files are more complete (gaps only over the poles)
=> problematic signatures do propagate into the gravity field.

(Jaggi et al., 2015b)
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from Satellite-t

Generalized Orbit Determination

Multi-Satellite SLR Solutions (1)

_LAGEOS-1

L+

LAGEOS-1/2,
Starlette, Stella, AJISAI, LARES,
Blits, Larets, Beacon-C
a, e, 1, Q, o, ug
(LAGEOS: 1 set per 10 days,
LEO: 1 set per 1 day)

LAGEOS-1/2 : So, Ss, Sc

Estimated parameters

Osculating
elements

Dynamical (1 set per 10 days)
parameters Sta/Ste/All : Cp, Sc, Ss, We, Ws
(1 set per day)

Pseudo-stochastic
pulses

LAGEOS-1/2 : no pulses
Sta/Ste/AJl : once-per-revolution
in along-track only

Xp, Yp, UT1-UTC
(Piecewise linear, 1 set per day)

Earth rotation

parameters
1 set per 30 days
Estimated up to d/o 10/10
(1 set per 30 days)
1 set per 30 days

Other parameters

Range biases for all stations (LEO)
and for selected stations (LAGEOS)

SLR solutions

Bad Honnef, 04.10. - 09.10. 2015

_LAGEOS-2

Up to 9 SLR satellites with different altitudes and
different inclinations are used.

For LAGEOS-1/2: 10-day arcs are generated, for low
orbiting satellites: 1-day arcs.

Different weighting of observations is applied:

from 8mm for LAGEOS-1/2

to 50mm for Beacon-C.

Constraints introduced to regularize the normal
equations (on GFC, pulses, EOPSs).

(Sosnica, 2015)
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Generalized Orbit Determination

10-day
NEQ

ed
10-day s
NEQ

ioN

t

10-day ?d

NEQ

with stacked 30_d ay
parameters
NEQ

with stacked

parameters:
- Gravity field,
- Sta. coordinates,
- ERPs,
- Geocenter,
- Range biases.

Oriy pre- ImTf

Monthly gravity field
up to d/o lﬂliﬁosnla, 2015)




Generalized Orbit Determination

Multi-Satellite SLR Solution (3)

Table 5.9: Impact of different orbit parameterizations of LEO satellites on a posteriori
sigma of unit weight and ERP (comparison w.r.t. [ERS-08-C04).

Sol  Length Sets of Sets of Stoch. RMS X pole Y pole LoD

of sol. oscul. dyn. pulses resid  bias WRMS  bias WRMS bias  WRMS

[days] elem. par. mm]|  [pas] [pas]  [pas] [pas]  [ps/d] [pes/d]
A 7 1 7 S 7.78  BT.T 269.8  -8.7 218.1 -3.6 106.5
B1L 7 1 1 S 13.50  38.6 508.7  -6.8 442.3 -15.0 102.2
B2 7 7 7 S 13.42  20.7 395.7 4.4 400.1 -2.2 120.0
c1 7 1 7 S,R,W 7.52  BT.T 269.8  -8.7 218.1 -3.7 116.5
c2 7 1 7 - 7.81 855 350.2 0.1 275.7 -36.3 140.4
D1 6 1 2 S 821 257 282.6 2.4 254.2 -25.4 119.7
D2 6 1 3 S 7.98 282 280.7  10.5 244.8 -13.5 115.1
D3 6 1 6 S 7.65  32.1 2705  -4.3 217.9 -6.7 105.8

SLR only provides a sparse coverage of the orbits. In order to provide solutions
of good quality, most dynamic solutions must be generated, e.g., by using long
Arcs for the high orbiting LAGEOS satellite. Nevertheless, model deficiencies for
the low orbiting satellites, e.g., due to air drag, need to be compensated by a small
number of pseudo-stochastic parameters.

u
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Generalized Orbit Determination

from Satellite

Multi-Satellite SLR Solution (4)

Pole Y coordinate - differences w.r.t. C04

]
1—Starleﬂe: Stella, AJISAIL - - - HEFEH o b b r A g i e e
LAGEQS-1, LAGEOS-2 : " :

"Wl J A i A &

g of kY _
= il f Hadhiih Ty ol ‘I it
|| | 1 i | II‘; . | i [ F TR
05 ‘E |i | | | !
gl i i i | |
2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
X pole [pas] Y pole [pas] LoD [us] Repeatability [mm)]

Solution type bias WRMS bias WRMS bias WRMS Up North East
LAGEOS-1/2 gravity up to 4/4 4.1 160.0 -8.0 155.2 6.1 BT 111 102 2.3
LAGEOS-1/2 no gravity 45.8 168.5 -54.1 153.5 T3 120.5 10.9 100 124
SLR-LEO gravity up to 4/4 38.3 267.9 -7.8 217.6 -38.5 105.6 15.3 164 15.2
SLR-LEO no _gravity 190.1 4375 _-61.1 3159 1896 359.3 15.8 156 16.8
multi-SLR gravity up to 4/4 6.4 1438.9 3.5 140.3 6.3 56.3 11.3 11,2 1l
multi-SLR no gravity 83.7 153.1 63.3 156.7 75.8 1215F 13.1 11§ 1182, 11.8

SLR orbits are difficult to validate. The quality of the geophysical parameters of
interest, which are co-estimated in the frame of the generalized orbit determination
problem, provide the basis to assess the quality of the solution. Best results are
obtained for a multi-satellite solution.
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(Sosnica et al., 2014a)




Generalized Orbit Determination

Multi-Satellite SLR Solution (5)

Earth rotation Geopotential Earth rotation Geopotential

Station coordinates

Station coordinates

8 parameters  parameters arameters parameters
e SrLEER IS Fl & Te K ] ] 1
g 10.- T T ] 10.‘ -
9 ko Eal A B - .
: 20 B - [os
;nE 30t . 30} T, _
c : = 1
2 o 40+ a 40¢ ; o 1 0
x g - i &
£ & 50[Sa. 50¢
st ¥ Ay 5 Y
a8 60 - — e 60 3 e
2 70} - 201
=}
o L L . & o
o 20 40 60 20 40 60 1

Multi-satellite solutions provide the advantage that the correlations between the
estimated parameters (ERPs, geopotential coefficients, station coordinates) can
be substantially reduced (better observation geometry due to the different
orbital characterstics).

(Sosnica et al., 2014a)
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Generalized Orbit Determination

Global &
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How well can time-variability by monitored by non-dedicated satellites
tracked by SLR and GPS hl-SST?

u
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Generalized Orbit Determination

Time-Variable Gravity from Non-Dedicated Satellites: SLR

Amazonas Basin
0.3 T T T T T T T T T T

::‘2 ‘/ ‘ ‘ | \ ‘ l :Uptod/o

I
"”0‘ \ \ R V\ [ | :]O/]O

-0.2 -

water [m]

0.3 1 1 1 1 1 1
1996 1998 2000 2002 2004 2006 2008 2010 2012 2014

Amazonas Basin
0.2 T T T T T T T T T T

015 =

- Uptod/o6/6

0.1
0.05

water [m]

-0.05

-0.1

_0_ 1 5 1 1 1
1996 1998 2000 2002 2004 2006 2008 2010 2012 2014

(Sosnica et al., 2015b)
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Generalized Orbit Determination

Time-Variable Gravity from Non-Dedicated Satellites: SLR

Residuals of SLR observations to LAGEOS 1 and 2, year 1995:

Residuals of SLR observations to LAGEOS 1 and 2, year 2004 Residuals of SLR observations to LAGEDS 1 and 2, year 2009:

AlB ui Bad Honnef, 04.10. - 09.10. 2015 _ _




Generalized Orbit Determination

Time-Variable Gravity from Non-Dedicated Satellites: SLR

Greenland
0.15 T T T T T T T T T T
01 F il
_ oo Jy A I - 2005-2014:
E  of UVATA ( 0 1 | -
= : ‘ accelerating
5 -0.05 H { \ -
2 or L { .4 | ICe€ Mass
015 F —AIUB-SLHsqution; | A depIEtlon
—— AIUB-GRACE solutions
0% Tloo6 1998 2000 2000 2004 2006 2008 2010 2012 2014
1995-2004
. 1998
10 years without
almost any changes
SLR and GRACE
solutions up to
d/o6/6
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Generalized Orbit Determination

: GPS




e B e . Generalized Orbit Determination

Time-Variable Gravity from Non-Dedicated Satellites: Swarm

or I “or “True” signal:
20| 20} e GFZ-RLOb5a
| ’/Qi ; (DDK5-filtered)
: Y : Y ;
“Comparison” signal:
-20 -20 |-
——e— GFZ RLO5a (DDK5) ——e—— GFZ RL05a (DDKS5) e GFZ-RLO5a
) S G B By (500km Gauss)
2013 '20113.'5' = '20|14' ' 2h1l4.'5' — 015 2013 |2b1i3-5| - |20I14 ' |2'01]4-5| — '20|15| —
Year Year .
Swarm signal:
40 40
f ' ;| e 90x90 solutions
&) /5%\ i <3 F (Gauss-filtered)
T |4 T
z o = Result:
P ¢ :
20l e Best agreement for
7 ~ Swarm-C
| —e—— GFZ RLO5a (DDKS5) ——e—— GFZ RLO5a (DDK5)
.40 | —=+—©—- GFZ RLO5a (Gauss 500km) -40 | =+—©—-- GFZ RL05a (Gauss 500km) |
|| ——e—— Swarm-C 90x90 G500 o—— Swarm-A/B/C (Gauss 500km)
20T 207530135 FoTi 61355078 (Jaggi et al., 2015b)
Year Year
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Generalized Orbit Determination

ra
=

= [TSG-GR
« GSR

I

I I I I I
L L
o o o o o O

equivalent water height [cm

I
o)
=

I
=]
=

2004 2006 2008 2010 2012 2014
vear

Combination of a multitude of LEO satellites tracked by GPS hl-SST provides
Promising recoveries also for smaller signals.

(Zehentner et al., 2015)
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Generalized Orbit Determination

Time-Variable Gravity from Non-Dedicated Satellites: Combo

Annual amplitude in eq. water height [cm] Annual amplitude in eq. water height [cm]

le0 =160 N

0N 307N

s j30 s

B0 S Bl S

. . : ' - T 180" W 1207w 60 W o 60 E 120 E
1807 W 120" W B0 W 0 B0 E 120 E

b 60 1

30N

Combination of hlI-SST solutions with
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Generalized Orbit Determination

a ne
from Satellite-to-Satellite Tracking Data

Time-Variable Gravity from Non-Dedicated Satellites: Combo
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