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Low Earth Orbiters (LEOs) 

GRACE GOCE TanDEM-X 

Gravity Recovery And 

 Climate Experiment  

Gravity and  

steady-state Ocean 

 Circulation Explorer 

TerraSAR-X add-on for 

Digital Elevation  

Measurement 

Of course, there are many more missions equipped with GPS receivers 

Jason Jason-2 MetOp-A Icesat COSMIC 
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LEO positioning 

GPS satellites 

Low Earth Orbiter 

terrestrial GPS receiver 
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linearized observation equations: 
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observed-minus-computed: 
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Geometric distance LEO-GPS 

at emission time  

Geometric distance is given by: 

Inertial position of LEO antenna phase center at reception time  

Inertial position of GPS antenna phase center of satellite  

Signal traveling time between the two phase center positions 

Different ways to represent   : 

- Kinematic orbit representation 

- Dynamic or reduced-dynamic orbit representation 
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Kinematic orbit representation 

Satellite position  (in inertial frame) is given by: 

Transformation matrix from Earth-fixed to inertial frame 

LEO center of mass position in Earth-fixed frame 

LEO antenna phase center offset in Earth-fixed frame 

Kinematic positions 

  

are estimated for each measurement epoch: 

- Measurement epochs need not to be identical with nominal epochs 

- Positions are independent of models describing the LEO dynamics 

 Velocities cannot be provided in a strict sense 



Ecole d’Eté 2012 

Kinematic orbit representation 

A kinematic orbit is an 

ephemeris at discrete 

measurement epochs 

Kinematic positions are 

fully independent on the 

force models used for 

LEO orbit determination 

Kinematic positions are 

not uncorrelated if phase 

measurements are used 

(due to ambiguities) 
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Kinematic orbit determination 

Excerpt of kinematic GOCE positions at begin of 2 Nov, 2009 

GO_CONS_SST_PKI_2__20091101T235945_20091102T235944_0001  

Measurement epochs 

      (in GPS time) 

Positions (km) 

 (Earth-fixed) 

Clock correction to 

nominal epoch (μs), 

e.g., to epoch 

00:00:03 

Times in UTC 
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Dynamic orbit representation 

Satellite position  (in inertial frame) is given by: 

LEO center of mass position 

LEO antenna phase center offset 

LEO initial osculating orbital elements 

LEO dynamical parameters 

- One set of initial conditions (orbital elements) is estimated per arc 

 Dynamical parameters of the force model on request 

Satellite trajectory 

  

is a particular solution of an equation of motion 



Ecole d’Eté 2012 

Dynamic orbit representation 

Equation of motion (in inertial frame) is given by: 

with initial conditions 

The acceleration 

  

consists of gravitational and non-gravitational perturbations 

taken into account to model the satellite trajectory. Unknown parameters 

of force models may appear in the equation of motion together with deterministic 

(known) accelerations given by analytical models.  
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Osculating orbital elements 

Ω 

ω 
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Osculating orbital elements of GOCE 

Semi-major axis: 

Twice-per-revolution variations of about ±10 km around the mean semi-major axis  

of 6632.9km, which corresponds to a mean altitude of 254.9 km  
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Osculating orbital elements of GOCE 

Numerical eccentricity: 

Small, short-periodic variations around the mean value of about 0.0025, i.e., the  

orbit is close to circular  
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Osculating orbital elements of GOCE 

Inclination: 

Twice-per-revolution and longer variations around the mean inclination of about 

96.6° (sun-synchronous orbit) 
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Osculating orbital elements of GOCE 

Right ascension of ascending node: 

Twice-per-revolution variations and linear drift of about +1°/day (360°/365days) due  

to the sun-synchronous orbit  
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Dynamic orbit representation 

Dynamic orbit positions 

may be computed at any 

epoch within the arc 

Dynamic positions are 

fully dependent on the 

force models used, e.g., 

on the gravity field model 
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Reduced-dynamic orbit representation 

Equation of motion (in inertial frame) is given by: 

Pseudo-stochastic parameters are: 

- additional empirical parameters characterized by a priori known statistical 

properties, e.g., by expectation values and a priori variances 

- useful to compensate for deficiencies in dynamic models, e.g., deficiencies 

in models describing non-gravitational accelerations 

Pseudo-stochastic parameters 

- often set up as piecewise constant accelerations to ensure that satellite 

trajectories are continuous and differentiable at any epoch 
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Reduced-dynamic orbit representation 

Reduced-dynamic orbits  

are well suited to compute 

LEO orbits of highest 

quality 

Reduced-dynamic orbits  

heavily depend on the 

force models used, e.g., 

on the gravity field model 
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Perturbations acting on LEOs 

Perturbation 
Acceleration 

(m/s²) 

Main term of Earth‘s gravity field 8.42 

Oblateness 0.015 

Atmospheric drag 0.00000079 

Higher terms of Earth‘s gravity field 0.00025 

Lunar attraction 0.0000054 

Solar attraction 0.0000005 

Direct radiation pressure 0.000000097 

. . 

The orders of magnitude refer to: - orbital altitude of 500 km  

     - area-to-mass ratio of 0.02 m2/kg 
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Gravitational perturbations 
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Depending on the LEO orbital altitude, gravity field coefficients have to be taken into 

account up to different maximum degrees and orders for precise orbit determination, 

e.g., at least up to about degree and order 160 for GOCE POD 

lmax    # of coeff.      l [km] 

  20            441  1000 

100          10 201    200 

200          40 401    100 

250          63 001      80 

GOCE 

CHAMP 

GRACE 
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Partial derivatives 

Orbit improvement ( 

yields corrections to a priori parameter values 

Previously, for each parameter   the corresponding variational equation  

has to be solved to obtain the partials 

 

by least-squares 

- Numerical quadrature for dynamic parameters 

- Linear combinations for pseudo-stochastic parameters  

: numerically integrated a priori orbit): 

- Numerical integration for initial osculating elements 

, e.g., by: 
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Reduced-dynamic orbit representation 

Excerpt of reduced-dynamic GOCE positions at begin of 2 Nov, 2009 

GO_CONS_SST_PRD_2__20091101T235945_20091102T235944_0001   

Clock corrections 

are not provided 

Position epochs 

  (in GPS time) 

Positions (km) & 

Velocities (dm/s) 

   (Earth-fixed) 
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LEO sensor offsets 

Phase center offsets  : 

- are needed in the inertial or Earth-fixed frame and have to be transformed 

from the satellite frame using attitude data from the star-trackers 

- consist of a frequency-independent instrument offset, e.g., defined by the 

center of the instrument‘s mounting plane (CMP) in the satellite frame 

- consist of frequency-dependent phase center offsets (PCOs), e.g., defined 

wrt the center of the instrument‘s mounting plane in the antenna frame (ARF)  

- consist of frequency-dependent phase center variations (PCVs) varying 

with the direction of the incoming signal, e.g., defined wrt the PCOs in the 

antenna frame  
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LEO sensor offsets 

Offset wrt satellite reference frame (SRF) is constant 

Offset wrt center of mass (CoM) is slowly varying 
~ Nadir pointing 

~ Flight direction 
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GOCE mission 

• Gravity and steady-state Ocean 

Circulation Explorer (GOCE) 

• First Earth Explorer of the Living 

Planet Program of the European 

Space Agency 

• Launch: 17 March 2009 from 

Plesetsk, Russia 

• Sun-synchronous dusk-dawn orbit 

with an inclination of 96.6o 

• Altitude: 254.9 km 

• Mass: 1050 kg at launch 

• 5.3 m long, 1.1 m2 cross section  

        Courtesy: ESA 
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GOCE orbit 

Ground-track coverage on 2 Nov, 2009 
Complete geographical coverage after  

979 revolutions (repeat-cycle of 61 days) 

Polar gap 
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GOCE core instrument 

Core payload: 

Electrostatic Gravity Gradiometer 

three pairs of accelerometers 

0.5 m arm length 

 

Main mission goals: 

Determination of the Earth’s gravity field 

with an accuracy of  1mGal (= 10-5 m/s2) 

at a spatial resolution of 100 km 

 

Accelerometer noise: 

ACC14: 3.9 10-12 m/s2/Hz1/2 

ACC25: 3.1 10-12 m/s2/Hz1/2 

ACC36: 6.7 10-12 m/s2/Hz1/2 

 

          Courtesy: ESA 
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GOCE attitude control 

• Three axes stabilized, nadir pointing, 

aerodynamically shaped satellite 

• Drag-free attitude control (DFAC) in 

flight direction employing a 

proportional Xe electric propulsion 

system 

• Very rigid structure, no moving parts 

• Attitude control by magnetorquers 

        Courtesy: ESA 

• Attitude measured by star cameras 

• => used for orbit determination 
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GOCE SSTI 

• Satellite-to-Satellite Tracking 

Instrument (SSTI) 

• Dual-frequency L1, L2 

• 12 channel GPS receiver 

• Real time position and velocity (3D, 3 

sigma < 100 m, < 0.3 m/s) 

• 1 Hz data rate 

• => Primary instrument for orbit 

determination 

    Courtesy: ESA 

• => Mission requirement for precise 

science orbits: 2 cm (1D RMS) 
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GOCE GPS antenna 

CMP 

L1 PCO 

L2 PCO 

L1, L2, Lc phase center offsets  

Measured from ground calibration   

in anechoic chamber 

Lc PCO 

mm 

Lc phase center variations 

flight 

direction 

Empirically derived during orbit determination 
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GOCE High-level Processing Facility 

Responsibilities: 
 
DEOS => RSO 
(Rapid Science Orbit) 

 
AIUB => PSO  
(Precise Science Orbit) 

 
IAPG => Validation 
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Co-rotating orbital frames 

R’, S’, W’ unit vectors are pointing: 

- into the radial direction 

- normal to R’ in the orbital plane 

- normal to the orbital plane (cross-track) 

T’, N’, W’ unit vectors are pointing: 

- into the tangential (along-track) direction 

- normal to T’ in the orbital plane 

- normal to the orbital plane (cross-track) 

Small eccentricities: S’~T’ (velocity direction) 
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Orbit differences KIN-RD 

Differences at  

epochs of kin. 

positions 
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Orbit differences KIN-RD, time-differenced 

Largest scatter of  

kin. positions 
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Pseudo-stochastic accelerations 

Largest signal   

due to air-drag 

First drag-free  

flight on 7 May 
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Formation-flying satellites 
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TanDEM-X mission 

Mission parameters 

• Launch: June 2007 / June 2010 

• Inclination: 96.5° 

• Altitude: 510 km 

• Distance between the two satellites: 

  300 – 800 m 

 

Mission goals 

• global Digital Elevation Model (DEM)  

  with a resolution of 12 m x 12 m 

• vertical accuracy better than 10 m 

  (relative accuracy better than 2 m) 

© DLR 
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TanDEM-X formation 

© DLR 
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TanDEM-X formation 

Formation is maintained by 

frequent maneuvers 

Example of two TDX maneuvers, 0.5*U seperated 

© DLR 
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TanDEM-X formation control 

© DLR 
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Baseline determination 

TerraSAR-X: 

ZD POD 

TanDEM-X: 

DD POD (amb. fixed),  

TerraSAR-X orbit is  

introduced as knwon 

Orbits parametrized  

as reduced-dynamic 

baseline vector 
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Experience from GRACE 

K-Band validation 

• independent validation with K-band data     

  (only line-of-sight direction, nicht absolute) 

• PCV modeling important (0.81 mm) 

• millimeter precision confirmed (1.10 mm)  

1 mm 

1 cm 

Comparison with DLR baselines 

• scatter (STD) in the millimeter range     

  (0.80, 1.04 und 1.54 mm) 

• cross-track direction is critical 

• biases (mean) not (?) very large 

  (0.95, -0.85 und 2.04 mm)  
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TanDEM-X inter-agency comparison 

Dual-frequency solutions: 

Std (mm) 

Mean (mm) 

Statistics for one month (median in mm) STD per day (in mm) 

=> Mission requirements are 1 mm (1D RMS) 



Ecole d’Eté 2012 

Dual-frequency vs. single-frequency 

78% of the wide-lane ambiguities fixed (L1(C) & L2(P)) 

100% of the L1 ambiguities fixed (L1(C)) 

Median values (in mm) of daily STD‘s for one month of reduced-dynamic baseline 

differences between AIUB und DLR for different observables: 
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Differential single-frequency PCVs 

L1(C) L2(P) 

For single-frequency baseline determination differential PCVs are needed, because 

single-satellite solutions (and thus single-satellite PCVs) cannot be easily generated 

with the required accuracy 

(mm) (mm) 
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TanDEM-X inter-agency comparisons 

Statistics for one month (Median in mm) STD per day (in mm) 

Std (mm) 

Mean (mm) 

Single-frequency solutions: 
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From orbits to the gravity field 
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From orbits to the gravity field 

�z Kinematic  positions contain 

independent information about the 

long-wavelength part of the Earth’s 

gravity field 

�z Gravity field coefficients are either 

solved for up to d/o 120 or d/o 160 in 

the following slides without applying 

any regularization 

 

�z Non-gravitational forces are absorbed 

by empirical parameters in the course 

of the generalized orbit determination 

problem, accelerometer data are not 

used 

�z 1-sec kinematic positions serve as 

pseudo-observations together with 

covariance information to set-up an 

orbit determination problem, which 

also includes gravity field parameters 
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From orbits to the gravity field 

Kinematic Orbit Positions 
Pseudo-Observations with 

Covariance Information 

Accelerometer Data 
(optional) 

Set-up of an Orbit Determination Problem by Least-Squares 
- computation of the observation equations for each daily arc by numerical integration 

   (global parameters: SH coefficients; arc-specific parameters, e.g., initial conditions and accelerations) 

- construction of the normal equations for each daily arc 

Manipulation of Normal Equation Systems 
- manipulation and subsequent pre-elimination of arc-specific parameters 

   (e.g., constraining or downsampling of accelerations) 

- accumulation of daily normal equations into monthly and annual systems 

- regularization of SH coefficients 

   (not used) 

- inversion of the resulting normal equation systems 
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Experience from GRACE 

mm mm 

GRACE A GRACE B 

(occultation antenna switched on) 

flight 

direction 
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Impact on the gravity field 

• Very similar results for GRACE A 

and for GRACE B when taking  

PCV corrections for kinematic 

POD into account 

• More pronounced degradation 

for GRACE A when ignoring 

PCV corrections for kinematic 

POD (occultation antenna on) 

• Impact visible up to relatively 

high degree and orders 

PCV modeling is very important for 

GPS-based gravity field recovery 
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What’s about GOCE? 

mm 

PCV modeling is even more important than for GRACE due to the more 

complicated patterns caused by the GOCE helix antenna 
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Impact of polar gap 

• δdi is dominated by zonal and near-zonal terms, degradation depends on max. d/o 

�z => exclusion according to the rule of thumb by van Gelderen & Koop 

Differences to ITG-GRACE2010 Differences to ITG-GRACE2010 
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Solution characteristics 

2009: 

113.3 cm 

4.9 cm 

 

RMS (unfiltered): 

RMS (filtered): 

300 km Gauss-filtered 

2009-10:  

76.1 cm 

3.1 cm 

2009-11:  

38.9 cm 

2.0 cm 

increased noise over polar regions magnetic equator visible 

Differences to ITG-GRACE2010 

unfiltered, d/o 100 
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Combination with CHAMP 

�z Down-weighting of the 

GOCE normal equations 

is required due to an only 

marginal contribution of 

the 1-sec data wrt 5-sec 

sampled data 

�z No degradation due to the 

polar gap in the combined 

solution 

�z Small degradation when 

including the most recent 

GOCE data 

Zonals and near-zonals not excluded 
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Contribution to gradiometer solution 

�z 8 months of GPS and 

gradiometer data used 

�z GPS dominates the 

combination up to about 

degree 20 and contributes 

up to about degree 70 

�z No omission artifacts in 

the combined solution 

when using GPS beyond 

degree 120. No need to 

artificially down-weight 

the GPS contribution 
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Thank you for your attention 
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